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Abstract-The asymptotic behavior and oscillation of solutions of difference equation 
n-1 
Dm v(n) + c 4~ ~1 f(s, Y(S)) = h(n), 
s=o 
are studied. Examples, which illustrate the importance of results, are included. 
1. INTRODUCTION 
In this paper, we are interested in establishing new criteria for asymptotic behavior and oscillation 
of solutions of the following difference equations 
n-1 
D, y(n) + c a(n, s> f(% Y(S)> = h(n)* n E N, (El 
s=o 
where Do y(n) = y(n), Di y(n) = &A (Di_l y(n)), b,(n) = 1, for i = 1,2,. . . ,m and 
A y(n) = y(n + 1) - y(n). In (E), {h(n)} is a sequence of real numbers, f : N x R + R 
and a : N x N + R is such that a(n, s) = 0 if s > n, u(n, s) 2 0 for n E N and 0 5 s < n, where 
N = { 1,2,. . . } and R = (-co, co). For each i = 1,2,. . . , m, {hi(n)} is a sequence of positive real 
numbers with C,“=, hi(n) = 00. 
By a solution of (E), we mean a real sequence {y(n)} satisfying (E). We consider only such 
solutions which are nontrivial. A solution of (E) is said to be nonoscillatory if it is eventually of 
constant sign. Otherwise, it is called oscillatory. 
The results of this paper have been motivated by those in [l]. For the general background on 
difference equations, one can refer to [2,3]. 
2. ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF (E) 
In this section, we derive sufficient conditions for the asymptotic behavior of nonoscillatory 
solutions of (E). We begin with a lemma. 
* This research was done while the author wss visiting the University of Saskatchewan as a visiting Professor of 
Mathematics. 
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LEMMA. If there exists a constant c and an integer no E N such that D, y(n) < c < 0 (respec- 
tively, D, y(n) > c > 0) for all n 2 no, then 
lim Di y(n) = --oo 7&-+00 (respectively = +m), i=1,2 ,...( m-l. 
In particular, 
lim DO y(n) = ,llm Y(n) = -cm 
ta-+c!0 
(respectively = +oo). 
PROOF. We give the proof only for the case when Dm y(n) < c < 0. By the definition of D,, 
we have 
D,-1 y(n) = Dm-I ~(0) + nc bm(s) Dm Y(S) 
s=o 
no-l n-l 
= Dm_I y(0) + c b,(s) Dm Y(S) + c bm(s) Dm y(s) 
s=o s=*o 
where M = oJ~~~o &75(n) Dm Y(n)). S ince, b,(n) = 1, D,_ly(n) --f -oo as n + 00 and in 
-- 
particular, Dm_l y(n) < d < 0 for any negative d E R for sufficiently large n. Continuing the 
above procedure, we obtain Di Y(n) + M as n -+ 00 for i = 0, 1,2,. . . , m - 2. 
THEOREM 1. Suppose that 
(i) uf(n,U) > 0 f or u # 0 and f (n, u) is nondecreasing with respect to u for each fixed n; 
(ii) Cr=, h(n) converges; 
(iii) Cyzi ~~=, a(s, j) is bounded for each fixed 6 > 0; 
(iv) CF=, Cyzi a(n, s) If(s, k)J = 00 for every k # 0. 
Then, every nonoscillatory solution {y(n)} of (II) satisfies li$gf Iy(n)l = 0. 
PROOF. Assume the contrary, and let there exist a nonoscillatory solution{y(n)} of (E) such 
that tm+izf jy(n)l > 0 . We can assume (and we do) that {y(n)} is eventually positive. Then, 
there exists a positive constant k such that y(n) > k for sufficiently large n. From (i), we have 
f(n, y(n)) 1 0% k) > 0. 
From (ii), there exists an integer nl E N such that 
B-1 
c h(n) < 1, for all a, /3 > 121. 
n=a 
Now, from (E), we have 
D-1 
Dm-l Y(P) = Dm-1 Y(a) •I- C 
n=Q 
n-l 
h(n) - c 4~ s) f(s, Y(S)) 
s=o I 
p-1 n1-1 p-1 n-l 
< Dm-1 Y(Q) + 1 - c c 471, S> f(s,v(s)) - c c a(n,s) ~(s,Y(s)) 
n=a s=o ?%=a s=n* 
P-1 n1-1 8-l n-l 
< Dm-1 y(a) + 1 + L c c 4n, s) - c c 412, s) f(s) k), 
n=a s=o n=a .3=n1 
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where L = SUP If(s,~Wl+ So, by condition (iv), there exists a negative number c E R 
OSe<nl-1 
such that D,,,-1 y(p) < c < 0, for all p 2 ni. Hence, by lemma, it follows that ,,limW y(n) = -00, 
which is a contradiction. This completes the proof of Theorem 1. 
EXAMPLE 1. Consider the difference equation 
n-l 
AY@)+~ s2 
a=0 n3(n - 1) 
Y(S) = & - ,(,l+ 1)’ n L 2. (El) 
All conditions of Theorem 1 are satisfied and hence all nonoscillatory solutions of (El) tend to 
zero as n -t 00. One such solution of (El) is {y(n)} with y(n) = l/n. 
THEOREM 2. In addition to Condition (i) of Theorem 1, assume that ,jeW h(n) = 00; and 
(a) f has the form: f(n, y) = q(n) F(y), where q : R + R; 
(b) Crzi la(n, s) q(s)/ is bounded for n E N. 
Then, every solution of(E) is unbounded. 
PROOF. Assume the contrary and let there exist a solution {y(n)} of (E) which is bounded. 
Using (a), we get 
n-1 
&&) > W4 - C b(w) d4l IJYYW. 
s=o 
Prom which, in view of (b), it follows that lim D, y(n) = 00, and hence, using lemma, one gets 
n-K?0 
lim y(n) = 00, a contradiction. Thus, the proof of the theorem is complete. 
n--ra, 
EXAMPLE 2. The difference equation 
n-l 
A (nA y(n)> + 5 & Y3(S) = 1 + t + gy nil 
satisfies all conditions of Theorem 2 and hence, every solution of (Es) is unbounded. One such 
solution is y(n) = n + 1. 
THEOREM 3. In addition to Condition (i) of Theorem 1 and Conditions (a) and (b) of Theorem 2, 
suppose that 
(c) liin&f h(n) 2 y > 0; 
(d) S(n) = cf=, o(n,s) is such that S(n) + 0 as n -+ 00 for each fixed 6 > 0; 
(e) F(0) = 0. 
Then, every nonoscillatory solution {y(n)} has the property that ,llr y(n) # 0. 
PROOF. Let {y(n)} b e a nonoscillatory solution of (E) which is such that lim y(n) = 0. It 
n-co 
follows from (e) that for any E > 0 there exists a number M and an integer no E N such that 
1% Al < M for all n 1 no, M = osau<pnO MS, Y(s))I 
-- 
and 
Prom (E) , we have 
for all n 1 no. 
no-l n-1 
Dm y(n) > h(n) - M c a(n, s) - e c lo(n, s) q(s)1 > $ > 0, 
s=o *=n(J 
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for sufficiently small e > 0 and sufficiently large n. Then, by lemma, y(n) -+ co as n + 00, 
which is a contradiction to the assumption that lim y(n) = 0. This completes the proof of the 
theorem. 
n-+00 
EXAMPLE 3. Consider the equation 
A (e+ A y(n)) + ne e-(n-s) y(s) = e+ [n + eene3(e - 1) (e2 - 1) - --&-I + A. 693) 
s-0 
All conditions of Theorem 3 are satisfied and hence, every nonoscillatory solution of (Es) is 
bounded away from zero. One such solution is y(n) = 1 + eVn + 1 as n + co. 
3. OSCILLATION OF EQUATION (E) 
In this section, we present two results on the oscillation of bounded solutions of (E). 
THEOREM 4. Let Condition (i) of Theorem 1 and Condition (d) of Theorem 3 hold. Further, 
assume that 
(f) f(n,v) = 0, for u = 0; 
(g) J+im_ h(n) = 00; 
(h) $im_ CyZj 4% s) f(s, k) < 00, for every fixed u > 0 and k > 0. 
Then, all bounded solutions of (E) are oscillatory. 
PROOF. Suppose that {y(n)} is a bounded nonoscillatory solution of (E), then there exists an 
integer no E N such that y(n) > 0 or y(n) < 0 for n 2 no. Assume that y(n) > 0 for n 2 no and 
let Iy(n)l 5 k for n E N. Then, 0 < y(n) 5 k for n > no. Hence, 
7Ul-1 n-1 
D, y(n) = h(n) - C u(n, s) f(s, Y(S)) - C a(n, s) f(s,Y(s)) 
no-l n-l 
L h(n) - M c a(n,s) - c 4n,s) f(s,kL 
where M = sup If(n, y(n))l. By the hypotheses of the theorem, there exists a positive 
O<n<nfJ-1 
constant c such that D, y(n) > c > 0 for n sufficiently large. Now, applying the lemma, we have 
y(n) + 00 as n --f 00, a contradiction. Now, let y(n) < 0 for n L no. Then, 
t&J-l n-1 
D, y(n) = h(n) - C a(n, s) f(s,Y(s)) - C 4n7 3) f(% Y(S)) 
a=0 .9=Tl0 
no-1 
1 h(n) - C u(n, s) f(s, Y(s)) 
s=o 
no-1 
1 h(n) - M c u(n,s). 
s-0 
Now, using an argument similar to the one used above, we get y(n) -+ 00 as n -+ co, and we 
arrive at a contradiction. Thus, the proof of the Theorem is complete. 
THEOREM 5. Let Condition (d) of Theorem 3 hold. Further, assume that 
(8 f(n, -u) = -f(n, u) and f( n, ui) 2 f(n, ~2) if 0 5 ui 5 u2 for each fixed n; 
(k) ,hrl ~~~~ a(n, s) f(s, k) = +co for each fixed 6 and k > 0. 
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If {h(n)) is bounded, then every bounded solution of (E) is oscillatory 
PROOF. Let Ih(n)I I c for n E N and suppose that {y(n)} is a bounded nonoscillatory solution 
of (E). Then, there exists k > 0 and an integer no E N such that Iy(n)l < k for n E N and 
y(n) > 0 or y(n) < 0 for n 2 no. Put M = sup If(n, y(n))l. Let y(n) > 0 for n 2 no. Now 
from (E) O<TZ<n0 
no-1 n-l 
D, y(n) = h(n) - C a(n, s) f(s, y(s)) - C 4% S) f(5 Y(s)) 
s=o 5=710 
no-1 n-l 
5 c + M c ~(72, s) - c a(n,s) f(s,kL 
s=o s=no 
which implies that there exists a number d < 0 such that D, y(n) < d < 0 for n sufficiently large. 
By lemma y(n) 4 -oo as n 4 co, a contradiction. Next, suppose that y(n) < 0 for n 2 no. 
Then, 
no-1 n-1 
Dm y(n) = h(n) - c a(n, s) f(s, Y(S)) - c 4n7 s) 17% y(s)) 
no-1 n-l 
2 -c - M c ~(72, s) + c a(n, s) f(s, k), 
s=o s=no 
which implies that there exists a number d > 0 such that D, y(n) > d > 0 for n sufficiently 
large. Once again, by lemma, we find that y(n) + cc as n --) 00, a contradiction. This completes 
the proof of the theorem. 
EXAMPLE 4. Consider the equation 
A 
n-1 (s+ 1) 
&A y(n)) + c - 
s=c (n + 1)3 
f(s, y(s)) = (-Un (3 + 6n - n2 - n3) 
2(n + 1)2 (n + 2) (n + 3) ’ 
(~74) 
All conditions of Theorem 5 are satisfied and hence every bounded solution of (Ed) is oscillatory. 
One such solution is y(n) = (-l)“/(n + 1). 
REMARK. The results of this paper generalize some of the results given in (41. 
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